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TECHNICAL NOTE 3266

EXPERTMENTAT, EVATUATION OF MOMENTUM TERMS IN
TURBULENT PIPE FLOW

By Virgil A. Sandborn

SUMMARY

The mean and turbulent momentum terms In fully developed turbulent
plpe flow were experlmentally evaluated. The terms of the longitudinal-
directlion momentum equation, obtalned from the Reynolds equations of
turbulent fluid motion, were experimentally evaluated In a 4-Inch-diameter
pipe from total- and static-pressure data and hot-wire anemometer surveys.
Measurement of the terms appearing In the radial-directlon momentum equa-
tion indicates the existance of terms as large as or larger than the terms
of the longitudinal-direction momentum equation.

Analysls of the turbulent stress tensor shows that the direction of
principal stress was orlented nearly parallel to the wall In the region
near the wall. Variation with Reynolds number of the longltudinal tur-
bulent Intensity at the center of the pipe indicates that the intensity
at the center was of a unlversal natures.

A direct comparison was made with turbulence measurements obtained
using the constant-current and constant-temperature systems of hot-wlre
enemometry. The two systems agree well within the experimental accuracy
of the measurements. The constant-temperature measurements also agrees
wlth the measurements of turbulence presented by Laufer for the same
Reynolds number.

INTRODUCTION

Although turbulence in aerodynamics is of greatest importance In
connection with boundary layers, baslc experimental or theoretical studies
of the boundary layer entall many difficulties. It has proven more prac-
tical mathematically and experimentally to investligate the simpler forms
of turbulent shear flow, such as fully developed plpe and channel flows.
Detalled study of these simpler flows may lead to a better understanding
of the behavior of turbulent boundary layers.
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Results of measurements of turbulent flow In & pipe and a channel
have recently been reported in references 1 and 2. Results of further
measurements made in a fully developed pipe flow are presented herein.
These measurements were made not only as an independent verification of
the results of reference 1, but also as & comparison between two distirnct
systems of hot-wire anemometry.

Measurements were made in a 4-inch~dlameter pipe, which was origin-
ally bullt to facilitate the development and calibration of hot-wire
equipment at the NACA lewls laboratory. The Reynolds.number range (based
on pipe radius) was from approximately 20,000 to 200,000. The measure-
ments are similar to those reported in reference 1, but include only the
meaen and statistical quantities necessary to evaluate the terms in the
Reynolds equations of motion.

The two types of hot-wire anemometry equipment were the constant-
current (or constant-mean-resistance) system and the constant-temperature
system. In the past, the constant-current system with compensating a-c
amplifier has been used almost excluslively for the measurement of tur-
bulence because a preliminary analysis (ref. 3) indicated that the noilse
level of the constant-temperature system would be prohibitively high.
However, refinements in the system have reduced the noise level of the
constant-temperature system to a point comparable with that of the
constant-current system. The actual recording of turbulence data 1s, by
comparison, much simpler with the constant-temperature system.

APPARATUS AND PROCEDURE

Tegt facllity. - The test facllity conslisted of a 4-inch-inside-
diameter seamless aluminum pipe 19.5 feet in length connected to an air
supply through a settling chamber and a series of filters, screens, and
& honeycomb arrangement, &s shown in figure 1. Room air, filtered through
Fiberglas air filters, was supplied by a constant-speed centrifugal
blower and was metered by a 4-Inch valve. As experimental work proceeded,
it was necessary to add an increasing number of paper alr filters in the
system to prevent dirt particles from affecting the hot-wlre measurements.
The maximum Reynolds number was 200,000 when measurements were started,
but as more filtering was added the maximum Reynolds number was reduced
to about 150,000 in the reglon where fully turbulent flow was obtalned.
Data were taken at Reynolds numbers of 25,000, 50,000, 100,000, and
150,000.

Mean. velocity instrumentation. - The mean veloclty measurements
were made with a total-pressure probe having a 0.040-inch outslide dia-
meter (with a wall thickness of approximately 0.003 in.) flattened to
0.010 inch at the tip so that surveys could be made to a point 0.005
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inch from the pipe wall. The probe was accurately posltioned at the wall
by use of an electrical contact indicator; surveys were made at a position
14 inches’ from the pipe exit.

Total pressures were recorded continuously by differential pressure
transducers, which were referenced to atmosvheric pressure. The two
transducers employed had full-scale pressure ranges of 410.05 pound per
square inch and £0.15 pound per square inch, with thelr outputs being
rocorded on a 2-millivolt full-scale recording potentlometer. In the
systems employed it was possible to detect pressure differences of
the order of 0.004 pound per square foot and 0.0l pound per square foot,
respectifely, for the two instruments. A more elaborate description of
the transducing systems 1s gliven In reference 4. .

It has been found experimentally (ref. 5) that total-pressure-probe
corrections are necessary at very low velocitles. dIn the course of
measurements in the pipe, 1t was possible to determine a correction for
the total-pressure-probe error by comparing meassurements of the velocltles
obtalned from hot-wire and total-pressure probea at the center of the
pipe for very low Reynolds numbers. The correctlon resulted in an In-
crease in measured velocity of 15 percent at 10 feet per second. Thers-
fore, the low velocities In the reglon near the plpe wall were corrected
for the probe error. No correctlions-werse made for probe displacement
effects due to total-pressure gradlents.

Statlc-pressure ingtrumentation. - The plpe was equipped wilth wall
statlc taps along the top. The taps wers equally spaced 2 inches apart
in the region where surveys were taken and 4 inches apart upstream. The
pressure distributions for Reynolds numbers of 25,000 and 50,000 are
shown In figure 2. A slight blockags effect was observed when probes
were mounted In the pipe, and correctlons were made In evaluating the
mean veloclty and the wall shearing stress as the probe posltlion was
varied. These corrections were the result of & maximum increase in
gtatic pressure of 8 to 10 percent as the probe was moved from the wall
to the center of the pipe.

Hot-wilre turbulence-measuring equipment. - Turbulent fluctuation
measurements have been made with two independent systems of hot-wilre
enemometry. Both the constant-mean-ocurrent and constant~instantaneous-
temperature systems were employed In the measurement of the turbulent
veloclty fluctuations, malnly in an attempt to determine the validity of
employlng the constant-temperature system for boundary layer research.

The constant-current system (fig. 3) was basically that employed by
the National Bureau of Standards (ref. 6). The circult consists of a
noninductive~-type Wheatstone bridge and an a-c amplifler equlpped with a
variable reslstance-capacitance network to compensate for thermal lag of
a hot wire. The thermocouple RF meter clrcult used to obtain a measure
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of the mean square of the fluctuating voltage is also Included in figure
3. Figure 4 shows the gain with frequency of the complete anemcmeter
system wlth a wire installed in the bridge, both with amplifier com-
pensation and without compensetion.

The constant-temperature system is that described in reference 7
with minor changes made to reduce the over-all noise level of the system.
The output of the constant-temperature anemometer was read on the average-
square computers described and evaluated in reference 7. An outline of
the connections used to obtain the data necessary to evaluate the statis-
tical averages of the turbulent quantities is included in reference 4.

A wiring diagram of ‘the sum and difference circuit employed in the

measurements of ‘vv=2 and w2 1s ghown in figure 5. This sum and
difference circuit has proven superior to the circult reported in ref-
erence 7, for the nolse level and thus the difference minlmum has been
groatly refuced. The particular instrument shown in figure 5 was de-
veloped at the Lewls laboratory, but the general idea is to be fou.nd in
several commercial computlng instruments.

The hot-wlre probes are the same as described in reference 4. As
discussed therein, two possible methods of wire calibration were availl-
able. Initially, the calibration procedure was to place the wire at the
pipe center line and record the heat loss from the wire as the pipe mass
flow was varied - the mass flow PU belng determined by Independent
measurements with a total-pressure probe. The second method consisted
of a continuous callbration of the wire as it was operating in the pipe.
Values of -\/DU at each r distance obtained from mean velocity profile
measurements with a total-pressure probe plotted against the wire heat
losa recorded when the fluctuatlon measurements were taken results in a
continuous calibration as a turbulent profile is taken. The continuous
(second) method of calibration was used , 8ince dust particles in the
ailr stream caused dlscontinuous changes iIn the callibration curve.

The method of least squares was used to determine the slopes of the
calibration curves. Because of the aforementioned discontinuous changes
In wire callbration, it was often necessary to declde arbitrarily which
rarticular set of poinis belonged to a given portion of the calibration
curve. Cross checks between measurements (measurements at the pipe

center line with Reynolds number and uZ measurements evaluated from
both the single and x-wire probes) were therefore employed in determining
the final callibration. It 1s belleved that the maximum error due to wilre
calibration was no greater than +10 percent. A typlcal continuous-type
callbration curve 1s shown in figure 6.

Some deviation from the linear relation between heat loss and the
square root of mass flow was noted for the high velocities (180 ft/sec
and grester).
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DISCUSSION OF RESULTS

Completely describing the turbulent flow field necessitates knowing
not only the time averages of the turbulent quantities appearing in the
momentum and emergy equations, but also all higher-order terms that might
be obtained by taking higher moments of the momentum equation. At pre-
gent 1t 1s neither practlcal nor experimentally possible to obtaln gll
such terms; thus experimental work has been directed malnly toward mea-
surements of only those terms appearing in the momentum equation and its
Pirst moment. The present measurements are limited almost entirely to
the momentum terms. All terms of the equations of motion, simplified
for fully developed pipe flow, have been measured or can be evalunated
for Reynolds numbers of 25,000 and 50,000. Supplemental data at Reynolds
numbers of 100,000 and 150,000 are also presented.

Mean velocity distributions. - Mean velocity profiles for the four
Reynolds numbers where turbulence measurements were taken (Re = 25,000,
50,000, 100,000, and 150,000) are presented in figure 7(a). An enlarged
portion of the velocity profiles near the wall is shown in figure 7(b).

The slope of the wvelocity profiles at the wall as predlcted fram
dp/dx 1is also included in Ffigure 7(b). Figure 8 shows a plot of the

viscous shearing stress coefflclent P_lg_%;l near the wall. The exis-
'-2-— PUG

tence of a nonvanishing secend derivative of the velocity distribution

at the wall (as indicated in fig. 8) was predicted by the analysis of Pal

(ref. 8), which indicates that a nonlinear velocity distribution is con-

sistent with the equatlons of motion and the boundary conditlons.

Evaluation of terms in x-dlrection momentum equation. - The x-
direction equation of motion for fully developed pipe flow may be reduced
to (ref. 1)

— r

v=yv g—rq + 5 U,% (1)
For a major portion of the flow field uv will be the Important shear
term present, since only near the wall (fig. 8) is the viscous shear
stress large. The distributions of puv, in coefficient form, across
the pipe are shown In figure 9. The right side of eduation (1) is plotted
nondimensionally as the dashed curves of figure 9 and may be compared
directly with the meapured values of puv. Although there is consider-
able scatter in the wuv measurements, 1t 1s evident that the data satis-
£y equation (1) for the range of Reynolds number investigated.

For the two higher Reynolds numbers (figs. 9(c) and (d)), it was
necessary to correct the output of one of the hot wires (approximately
40 percent) so that a zero shear stress would be indicated at the center
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of the pipe. (The error apparently was due to deviation of the angle of
one wire, as both profiles were taken with the same probe and the same
trouble was encountered.) No corrections were necessary for the probes
used at the two lower Reynolds numbers. The points very close to the
wall are also included, but it is evident that the presence of the wall
affected the heat loss fram the wires.

The measurements at a Reynolds number of 25,000 are compared with
those reported in reference 1 for a 10-Inch-diameter pipe, which were
obtained by & method slightly different from that used in this report (see
ref. 4 for method employed herein) in that the correlation coefficlent

=7 was measured directly, and uv was calculated from the
‘;quzjuv-?) —_ —

coefficlent and Independent measurements of IVI_I-Z- and /V v2, The method
of reference_l appears to have resulted in less random scatter Iin the
values of puv, but 1t does require & wire matching accomplished using
the assumption that uv = 0 at the center of the flow.

Evaluation of terms in r-direction momentum equation. - The r-
direction equation of motion has in the past received little or no atten-
tion in elther experimental -or theoretical Investigations, since for
laminar shear flows the terms of this equation were found to be negligl-
ble compared with those of the x-direction equation. However, for tur-
bulent shear flows, it is found that the turbulent contribution ‘to the
r-direction momentum results In terms as large as or larger than those
appearing in the x-direction equation. It may be shown rigorously, how-
ever, that for fully developed turbulent pipe flow the x- and r-
direction equations of motion are independent (ref. 1).

The r-direction equation of motion can be reduced to the form

(ref. 6)
r-—- ———
;rz'_f @ari_w_p'_? (2)
a

Evaluation of all terms in equation (2) requires the measurement of vo

and W along with the variation of the static pressure across the pilpe.

The measurement of vz and wz 1s readily accomplished by hot wires.

The static-pressure variation across the plps is no greater than a few
thousandths of an inch of water; thus no attempt was made to measure 1it.

The varlations of ‘dvz and ‘V'wz across the plpe for Re =

25,000 and Re = 50,000 are shown in figures 10(a) and (b) and 11(a) and
(b), respectively. It can be seen that the two velocity components are

of the same order of magnitude, with the values of ldwz rising to
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slightly higher values as the wall 1s approached. The values obtained
from the faired curves of figures 10 and 11 have been used to evaluate
the terms on the left side of equatlion (2), and the resulting nondimon-
sionalized distributions are presented in figures 12(a) and (b). Values
of the right member of equation (2), obtained by subtraction of the two
terms In the left member, are also plotted and show that, although the
absolute magnitude of the pressure change across the pipe is small,

the transverse pressure gradient is quite large, particularly near the
wall. As a comparison of the orders of magnitude of the terms of the

x and r momentum equations, the right side of equation (1), as pre-
sented In figure 9, has also been plotted In flgure 12. The existence
of large terms in the y-direction equation of motion for boundary layers
has also been discussed in reference 4. .

Turbulent stress tensor. - A study of the momentum distribution
cannot be limited wholly to the evaluation of the time-average equaticrs
of motlion, since In these equations the averaging process has elimInated
some of the momentum terms present in the flow field. Reynolds' (ref. 9)
Investigation of turbulent flow resulted In the 1ldentificatlion of certaln
virtual stress terms arising from the turbulence, which can be shown to
form a turbulent stress tensor

For the fully developed turbulent pipe flow it 1s possible to show that

W=ww=vwu=uv=0 and uv = vu
so that only four of the terms are independent.

The only term appearing in the stress tensor which does not also

appear in some form in the equations of motlon 1s puz. The measurements

of ‘Vuz for the four Reynolds numbers investigated are presented in

filgure 13. It may be ssen that the values of u? are by far the largest
terms in the stress tensor (eq. (3)), with magnitudes as great as four
times that of any of the other terms for the region close to the wall.

Near the center the value of u2 approaches that of vz, so that the
conditions of isotropy are nearly satisfled at the center of the pipe.

A second factor of importance in regard to the turbulent stress
tensor 1s the direction along which the maximum stress acts. For the
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turbulent stress tensor, the angle P between the principal axis of the
tengor and the direction of ‘mean flow is given by the equation (ref. 10)

2 _ 2
un - v

_ tan.2 - _2uv (4)

The values calculated for B are shown In figure 14. The evaluation of

B near the center of the pipe is not accurate because equation (él is__

extremely sensitivé to the measured values in this region since u? ﬂ-vz

and uv—+ 0 at r = 0. As the wall is approached, the angle P decreases
go that the direction of principal stress is allned nearly parallel to
the flow and the wall.

Reynolds number effects. - The effect of Reynolds number on turbu-
lent intensity has been determined from experimental measurements of the
turbulent intensities at the pipe center. Flgures 15 and 16 show the

variation of the two turbulent velocity components Aluz and 4/;5

along the pipe center with Reynolds number. The polnts are also compared
with data from references 1, 2, and 11. Results In figure 15 indicate that
the variation of the longitudinal component with Re can be considered
universal within the limits of experimental accuracy. It 1s noted In
reference 12 that for a fully developed chemnel flow the intensity at the
center was independent of any upstream turbulence, thus showlng that the
turbulence has reached a statistical equilibrium state which will not
change unless the symmetry of the flow is disturbed. The following em-
pirical equation is found to fit the data of figure 15:

2
AE = 0.144 Re 0146 (5)

U
C Jat r=0

A summary of the variation of the longitudinal turbulent intensity
distribution is shown in figure 17. Figure 18 shows the ﬁ/ug profile
presented in reference 1 for Re = 250,000 compared with a distribution

for Re = 200,000 measured in the 4-inch pipe.

Comparison of constant-current and constant-temperature hot-wire
anemometer systems. - A direct comparison of measurements made using
the two types of hot-wire anemometer systems employed is shown In flgure
15. The feasibility of using the constant-temperature system for measure-
ment of turbulence intensities encountered in turbulent shear flows has
been questicned (ref. 3), since the nolse level of the system was con-
sidered too high. However, for the turbulence levels encountered in the
pipe, constant-temperature measurements agree with constant-current
measurements within the range of experimental accuracy. All distributlon
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measurements across the pipe reported herein were taken with the constant-
temperature ingtruments, since only a fraction of the time per measure-
ment was required as compared with that needed in constant-current
measurements. Since the measurements reported by Laufer (ref. 1) were
performed with a constant-current system, the comparison of profiles
(figs. 9(a), 10(a), 11(a), and 13(a)) also offers a check of the agree-
ment between the two systems.

Comparison of pipe and channel flow. - A brief comparison between
the flow In a pipe and that in a channel was made. Measurements of the

M;FE distribution In a channel for Re = 61,000 reported in reference 2

are shown In figure 19. The distribution of ﬁﬁ:ﬁ measured for the same
Reynolds number in the 4-inch plpe is also included in figure 19. It
may be seen that the distributions for the pipe and the channel are
gimilar.

Spectrum measurements. - The spectra of the longlitudinal turbulent
intensity for Re = 25,000 at several r-distances obtalned by use of a
harmonic wave analyzer are shown in figure 20. The function F(n) was

defined as
)
F(n) = 4&&) (9)

u? dn

where d(ug) is the contribution to u? from frequencies n - %? and
n + %?5 and dn 1s the effective band width of the measuring analyzer
(4.4 cps). Figure 20 shows & redistribution in the high-frequency range
for the spectrum distributlon very near the wall.

CORCLUDING REMARKS

Analysis of the measured momentum terms In fully developed turbulent
pipe flow Indicates that the balance of the longitudinal-direction momen-
tum terms as predicted from the Reynolds equation of motion can be ex-
perimentally verified. ZEvaluatlion of the terms in the radial-direction
momentum balance shows the existence of a pressure gradient across the
plpe. The terms of the r-dirsction momentum equation for turbulent pipe
flow are comparsble In magnitude with those of the x-direction equation;
however, the two equations are independent.

Evalvation of the turbulent stress tensor shows the mean square
longltudinal -veloclty to be by far the largest term near the wall, with
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the other three terms being of roughly equal magnitude. The calculation
of the angle between the principal axis of the stress tensor and the x-
direction shows the axis to be oriented nearly parallel to the wall in
the reglon near the wall.

A study of the Reynolds number effects on the longltudinal turbulent
intensity at the center of the pipe indicates that the Intensitles are

of & universal nature. Comparison of EE and v2 at the center
indicates the flow to be nearly isotropilc.

The longltudinal turbulent intensity at the center of the plpe could
be represented by the emplrical relation

NuZ _ 144 po-0-1246
C

where ‘Vuz is the root mean square of the longitudinal turbulent
veloclity, U, 1s the mean veloclty at the center of the pipe, and Re
1s the Reynolds number.

Direct caomparison of the constant-current and constant-temperature
systems of hot-wire measurements of turbulent quantities showed agree-
ment within the limits of experimental accuracy. The constant-temperature
measurements at Re = 25,000 are found to agree within the limits of ex-
perlmental accuracy with the measurements presented by lLaufer for the
same Reynolds number.

Iewls Flight Propulslion Iaboratory
National Advisory Committee for Aeronautics
Cleveland, Ohio, August 27, 1954
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APPENDIX - SYMBOLS

a radius of pipe

h channel half-width

i mean current of hot wire

p mean static pressure

Py mean static pressure at wall

R operating reslstance of hot wire

R, resistance of hot wire at reference condition

Re Reynolds number based on channel half-width or pipe radiﬁs and-

veloclty at center of flow, pUca/p or pUh/p

r radlal distance from pipe center

r’ (a - r)

ET turbulent stress tensor

U mean longitudinal velocity

Ue mean longitudinal veloclty at center of pipe or channel

Ur shear stress veloclty, n/E;75

u,v,w longitudinal, radial, and tangential components of turbulent
velocity

uv Reynolds turbulent shear stress In xr-plane

uw Reynolds turbulent shear stress In x-tangential plane

ww Reynolds turbulent shear stress In r-tangentlal plane

X direction of mean flow

B angle between principal axis of turbulent stress tensor and

direction of mean flow
5l viscosity of alr

v kinematic viscoslty of air
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density of air

shearing stress at wall
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Dimemsicnless texms of r-direction momentim equat:ion

(a) Reynolds number, 25,000.

Figare 12, - Variation of terms in r-direction momemtum equation.
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